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^Nj ' Abstract. In this paper, we study the Green ring (or the representation ring) 

of Drinfeld quantum double D{H4) of Sweedler's 4-dimensional Hopf algebra 
H4. We first give the decompositions of the tensor products of finite dimen- 
sional indecomposable modules into the direct sum of indecomposable modules 
over D{Hi). Then we describe the structure of the Green ring r(D(i?4)) of 
, D{H4) and show that r{D(H4)) is generated, as a ring, by infinitely many 

elements subject to a family of relations. 



Introduction 



The tensor product of modules over a Hopf algebra is an important ingredient in 
the representation theory of Hopf algebras and quantum groups. In particular, the 
decomposition of the tensor product of indecomposable modules into a direct sum 
of indecomposable modules has received enormous attention. For modules over a 
finite dimensional group algebra, this information is encoded in the structure of the 
Green ring (or the representation ring), see [TJ m [51 [SJ [151 E] ) . For modules over a 
^-j. . Hopf algebra or a quantum group there are results on a quiver quantum group by 

ff^ ■ Cibils |T3], on the quantum double of a finite group by Witherspoon [57], on the 

half quantum groups (or Taft algebras) by Gunnlaugsdottir [TB^ , on the coordinate 

■ Hopf algebra of quantum SL(2) at a root of unity by Chin [14j. Kondo and Saito 
CNI ■ gave the indecomposable decomposition of tensor products of modules over the 

restricted quantum universal enveloping algebra associated to s[2 in jl9j . However, 
the Green rings of those Hopf algebras are either equal to the Grothendick rings 
. ; (in the semisimple cases) or not yet computed because of the complexity. Recently, 

r> . Chen, Oystaeyen and Zhang computed the Green rings of Taft algebras Hn{q) in 

■ [11) . Since the Taft algebras are of finite representation type, their Green rings 
are finitely generated as rings. It was shown that the Green rings of Taft algebras 
generated by two elements subject to certain relations for each n > 2 in [llj . 
However, the Drinfeld quantum doubles D{Hn{q)) of Taft algebras Hn{q) are of 
infinite representation type [TU]. Hence the Green rings of the Drinfeld quantum 
doubles of Hn{q) are much more complicated. When n = 2, the Taft algebra i?2(<z) 
is exactly the Sweedler's 4-dimensional Hopf algebra H4 (see [25l[26]). In this paper, 
we will investigate the Green ring of the Drinfeld quantum double D(i?4). 

The paper is organized as follow. In Section 1, we recall the definitions of Grothendieck 
ring and Green ring (or representation ring) of a Hopf algebra, the structure of the 
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Drinfeld quantum double D{Ha) of Sweedler's 4-diniensional Hopf algebra and 
the finite dimensional indecomposable modules over D{Hi). In Section 2, we in- 
vestigate the tensor products of finite dimensional indecomposable modules over 
D^Hi). We decompose the tensor product of any two indecomposable D{H4)- 
modules into a direct sum of indecomposable modules. In Section 3, we study 
the structure of Green ring r{D{H4)) of D{H4). We first investigate a subring R 
of r{D{H4)), which is generated, as a Z-module, by the isomorphism classes of 
the indecomposable modules located in the connected components of AR-quiver 
of D{H4) containing simple modules (or indecomposable projective modules). We 
show that R is generated, as a ring, by four elements subject to certain relations. 
Then we investigate the structure of the Green ring r{D{H4)). We give a family 
of generators of r{D{H4)) and the relations satisfied by the generators, as a ring, 
which shows that r{D{H4)) is not finitely generated as a ring. 

1. Preliminaries 

Throughout, we work over an algebraically closed field k with char(fc) ^ 2. Unless 
otherwise stated, all algebras, Hopf algebras and modules are defined over k; all 
modules are left modules and finite dimensional; all maps are fc-linear; dim, ® 
and Hom stand for dimj,, ®k and Homfc, respectively. For the theory of Hopf 
algebras and quantum groups, we refer to [HI EU [22l [25] . For the representation 
theory of finite dimensional algebras, we refer to [2]. Let Z denote all integers, and 
Z2 = Z/2Z. 

1.1. Grothendieck rings and Green rings. For a finite dimensional algebra 
let modA denote the category of finite dimensional ^-modules. For a module M 
in modj4 and a nonnegative integer s, let sM denote the direct sum of s copies of 
M . Then sM = if s = 0. Let P{M) denote the projective cover of Af, and let 
I{M) denote the injective envelope of M . Let 1{M) denote the length of Af, and 
let rl(Af ) denote the Loewy length (^radical length=socle length) of M . 

For a finite dimensional algebra A, let Gq{A) denote the Grothendieck group of the 
category mod^. This is the abelian group that is generated by the isomorphism 
classes [Af] of ^-modules M modulo the relations [M] = \U] + \V] for each short 
exact sequence of ^> J7 — ?► Af -^V^Qin modA. It is well known (see 0[3j) that 
G[){A) is a free abelian group with a Z-basis given by the classes [Si], i — 1,2, ■ ■ ■ ,t, 
where {Si, S2 • ■ ■ , St} is a full set of non-isomorphic simple A-modules. 

Let if be a finite dimensional Hopf algebra. Then modi? is a monoidal category [TBI 
[22] . Hence Go (H) is an associative ring with the multiplication given by [M] [N] = 
[M(g)iV] for any modules M and N in modi?. The multiplication identity of Go{H) 
is [k], where k is the trivial ii-module given by the counit of H. In this case, Go{H) 
is called the Grothendieck ring of H (or of the monoidal category modii). 

Let ii be a finite dimensional Hopf algebra. The representation rings r{H) and 
R{H) can be defined as follows. r{H) is the abelian group that is generated by the 
isomorphism classes [Af] of ii-modules M modulo the relations [Af ®A^] = [Af]-|-[A^] 
for any modules M and N in modii. The multiplication of r(ii) is given by 
the tensor product of ii-modules, that is, [Ai][iV] = [M igi N]. Then r(ii) is an 
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associative ring with the identity [k]. R{H) is an associative fc-algebra defined 
by k ®z r{H). Note that r{H) is a free abelian group with a Z-basis {[M]|M £ 
ind(_ff)}, where ind(_ff) denotes the category of finite dimensional indecomposable 
i/-niodules. r{H) (resp. R{H)) is also called the Green ring of H (or of the 
monoidal category modi/). Note that there is canonical ring epimorphism r{H) — > 
GoiH), [M] ^ [M], M e modi?. 

If i? is a quasitriangular Hopf algebra, then M N = N ^ M foi any if-modules 
M and N. In this case, both Gq{H) and r{H) are commutative rings. 

A finite dimensional Hopf algebra ii is a symmetric algebra if and only if H is 
unimodular and 5^ is inner, where S is the antipode of H (see [20l[23]). It is well 
known [24] that the Drinfeld double D{H) of a finite dimensional Hopf algebra is 
unimodular, and Sl^^^j^-^ is inner. Hence D{H) is always symmetric. 

Let ii be a finite dimensional. For any module M in modii, the dual space Af * = 
Hom(M, k) is also an ii- module with the action given by 

{h ■ f){m) = fiS{h) • m), heH, / G Ai*, rn G M, 

where S is the antipode of H. It is weU known that (M ® N)* ^ N* (g) M* for any 
ii-modules M and TV. If H is quasitriangular, then S'^ is inner, and so Ai** = Ai 
for any Ai G modii (see [SQ])- In this case, this gives rise to a duality (— )* from 
modiJ to itself, which induces a ring involution of r{H) (resp. Go{H)) given by 
[AT]* = [Ai*] for any Ai G modii. 

1.2. Drinfeld double of H4. Sweedler's 4-dimensional Hopf algebra is a special 
case of Taft Hopf algebras. The Drinfeld quantum doubles of Taft's Hopf algebras 
and their finite representations were investigated in [71 [3 [H [10] . Let us recall some 
results which we need throughout the paper. 

Sweedler's 4-dimensional Hopf algebra H4 is generated by two elements g and h 
subject to the relations: 

g'^ = l, h'^ = 0, gh + hg = 0. 

The coalgebra structure and the antipode are determined by 

A(g) = g®g, A{h) ^ h (g) g + Kg) h, e(x) = 0, 
e{h) = 0, S{g) = .g-i = g, S{h) = gh. 

Moreover, ii4 has a canonical basis {1, g, h, gh}. 

Let D4 be the algebra generated by a, 6, c and d subject to the relations: 

ba — —ab, db = —bd, ca = — ac, dc = — cd, be — cb, 
a^^O, 6^ = 1, c2 = 1, d'^ = 0, da + ad=l-bc. 
Then D4 is a Hopf algebra with the coalgebra structure and the antipode given by 

A(a) = a(gb+lg)a, e{a) = 0, S{a) = —ab = ba, 

A{b) = b(E)b, e{b) = l, S{b) = b-^=b, 

A(c) = c(g)c, £(c) = 1, S'(c) = = c, 

A{d) ^ d(gc+lg)d, e{d) = 0, S{d)^-dc = cd. 
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D4 is a 2^-dimensional Hopf algebra. D4 has a canonical basis {a^V c''d^\Q < 
*j Jj ^ l}j and is not semisimple and is isomorphic to D(H4) as a Hopf algebra. 
The Hopf algebra isomorphism is given by 



for all < s,t,i,j < 1, where {h''g^\0 < i,j < 1} is the basis of H4, and {h'-g^O < 
hi < 1} is the dual basis of HI. The canonical quasitriangular structure on D4 
reads as follows: 

7^ = i(l ® 1 + 6® 1 + 1 ® c- 5® c 

+a ® d + ab ® d -\- a® cd — ab ® cd). 

For the detail, the reader is directed to [71 [51 112). 

1.3. Indecomposable representations of D^. Let J{D4) stand for the Jacobson 
radical of D4. Then J(D4)^ = by [lUl Corollary 2.4]. This means that the Loewy 
length of D4 is 3. In order to study the Green ring of D4, we need first to give the 
structures of all finite dimensional indecomposable D4-modules. We will follow the 
notations of [10]. 

From [To], we know that the socle series and the radical series of an indecompos- 
able I?4-module coincide. We list all indecomposable _D4-modules according to the 
Loewy length. There are four simple Z34-modules (up to isomorphism); two are of 
dimension one and two are of dimension two. In the following, denote J{D4) by J 
for short. 

One dimensional simple modules: V{\,r), r G Z2, 

a ■ V ~ d ■ V — b ■ V ^ c ■ V ^ (— l)''u, v G V{1, r). 
In the following, denote V{l,r) by V{r), r G Z2. 

Two dimensional simple modules: y(2,r), r G Z2. V{2,r) has a standard fc-basis 
{vi,V2} such that 

a ■ vi — V2, d ■ vi — 0, b ■ vi ~ {—lYvi, c ■ vi = {—ly^^vi, 

a ■ V2 = 0, d-V2=2vi, b ■ V2 = { — lY^^V2, C-V2 = {—lYv2. 

The simple module V{2,r), r G Z2, are both projective injective. 

Four dimensional projective modules of Loewy length 3: Let P{r) be the projective 
cover of V(r), r G Z2. Then P(r) is the injective envelope of V{r) as well, r G Z2. 
P(r) has a standard /c-basis {vi,V2,V3,V4} such that 



a ■ 


■ Vi 


= V2, 


d- 


Vl 


= V3, 


b- 


■ Vl 


= {- 


-1; 




c ■ 


■ Vl = 


{- 


lyvi, 


a ■ 


■ V2 


= 0, 


d- 


V2 


= -V4, 


b- 


■ V2 




1; 


r+^v2, 


c ■ 


■ V2 = 


i- 


-IY+'V2 


a ■ 


■ V3 


= V4, 


d- 


V3 


= 0, 


b- 


■ V3 




1; 




c ■ 


■ V3 = 


i- 


-in'v3 


a ■ 


■ V4 


= 0, 


d- 


V4 


= 0, 


b- 


■ V4 




1; 




C ■ 


■ V4 = 


i- 


-irv4. 



Note that soc(P(r)) = J^P{r) ^ ]/(r), soc2(P(r))/soc(P(r)) = [JP{r))/[J^P{r)) ^ 
2V{r + l) and P(r)/soc2(P(r)) = P [r) / [J P {r)) ^ V{r). Note that the P{r) is ex- 
actly the P(l,r) in J^. 



D(H4) = Hl''°P M i74 -> D4, h^g* ex h^g^ ^ 




a<m<2 
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There are infinitely many non-isoniorphic indecomposable Z34-modules with Loewy 
length 2. We list them according to the lengths and the co- lengths of their socles. 
We say that an indecomposable £'4-module M with rl(M) = 2 is of (s,t)-type if 
l{M/soc{M)) = s and /(soc(Af)) = t. By [1^, if M is of (s,t)-type, then s = t + l, 
or s = t, or s — t ^ I. 

The indecomposable modules of (s + l,s)-type are given by the syzygy functor 
f2. Let V{r) be the one dimensional simple modules, r S Z2. Then the minimal 
projective resolutions of V{r) are given by 

> 4P(r + 1) ^ 3P(r) -> 2P{r + 1) ^ P{r) -> V{r) 0. 

By these resolutions, one can describe the structure of il'^V{r), s > 1 (see [TOj). 
nWir) is of (s + l,s)-type. 

The indecomposable modules of (s, s + l)-type are given by the cosyzygy functor 
Let V{r) be the one dimensional simple modules, r e Z2. Then the minimal 
injective resolutions of V{r) are given by 

V{r) P{r) 2P{r + 1) 3P(r) 4P(r + 1) ^ • • • . 

By these resolutions, one can describe the structure of r2~'*y(r), s > 1 (see [TO]). 
n-^Vir) is (s,s + l)-type. 

Let r G Z2 and s > 1. If s is odd, then we have D4-module isomorphisms 

soc(f7''y(r)) = n-''V{r)/soc{n-''V{r)) = sV{r), 
rj^F(r)/soc(17"F(r)) ^ soc(17-'*V^(r)) = (s + l)V{r + 1). 
If s is even, then we have £'4-module isomorphisms 

soc{n'Vir)) ^ n-Wir)/socin~''V{r)) ^ sV{r + 1), 
f7"F(r)/soc(f2"l/(r)) ^ soc(rJ-^t/(r)) ^ (s + l)V^(r). 

The indecomposable modules of (s, s)-type can be described as follows. Let (fc) be 
the projective 1-space over k. P^(fc) can be regarded as the set of all 1-dimensional 
subspaces of k^. Let 00 be a symbol with 00 ^ k and let fc = fc U {00}. Then 
there is a bijection between k and P^(fc): a 1— >■ L{a, 1), 00 1— >■ L(1,0), where a ^ k 
and L{a, f3) denotes the 1-dimensional subspace of k^ with basis (a,/?) for any 
7^ (a,/3) e fc^. In the following, we regard P^(fc) = k. 

If M is of (s, s)-type then M = Ms{l,r, r/), where r e Z2 and 77 G P^(/c) (see [10]). 
Denote Ms{l, r, -q) by Afs(r, -q) in the following. 

The indecomposable module Afi(r, 00), r g Z2, has a standard basis {wi,W2} with 
the D4-action given by 

a • ui = 0, d ■ vi = V2-, h ■ vi ~ (— l)''+"'^ui, c - vi = {—lY'^^vi, 

a • U2 = 0, d • W2 = 0, & • U2 = (-l)'''y2, C • ?72 = (-1)''W2- 

The indecomposable module Mi{r,r]), r G Z2, 77 G fc, has a standard basis {wi,W2} 
with the £)4-action given by 

a • ui = U2, d ■ vi = —r/V2, b ■ vi ^ (— l)''+"'"Wi, c • ui = (— l)''+"'"Ui, 

a • V2 = 0, d • W2 = 0, & • W2 = (— 1)''W2, C • U2 = (-1)''W2- 
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For any r '^TLi and 77 G P^(fc), there is a unique I?4-module injection M\(r^r\) ^ 
P(r), up to a nonzero scale multiple. Moreover, there is an exact sequence of 
Z)4-niodules 

-J> A/i(r, 77) F(r) ^ hhir + 1, 77) 0. 
Hence Mi(r, 77) is a submodule of P(l, r) and a quotient module of P(r + 1). 

Then one can construct Ms {r, rj) recursively by using pullback, where r e Z2 and 
77 e Pi(fc) (see [ini pp. 2823-2824]). Ms{r,r)) is a submodule of sP{l,r) and a 
quotient module of sP{r + 1), and there is an exact sequence of £)4-modules 

Ms{r,'n) ^ sP{r) Ms{r + l,r/) 0. 

Hence ilAIs{r + 1,77) = n^^Ms{r + 1,77) = Ms{r,ri). Moreover, for any 1 < i < s, 
Ms{r, T]) contains a unique submodule of («, i)-type, which is isomorphic to Mi(r, ij) 
and the quotient module of Ms(r, a) modulo the submodule of (i, i)-type is isomor- 
phic to Ms-i{r,rf). Hence there is an exact sequence of Z?4-modules 

^ M,{r, T]) ^ Ms{r, 77) ^ M.-,;(r, 77) ^ 0. 

2. The tensor products of indecomposable modules 

In this section, we investigate the tensor products of two indecomposable modules. 
We will give the indecomposable decomposition of the tensor products of indecom- 
posable modules over D4. Note that M (3 TV = iV (g) M for any Z?4-modules M and 
N since 1)4 is a quasitriangular Hopf algebra. 

Proposition 2.1. Let r,r' 6 Z2 and rj e P^(fc). Then there are D^-module iso- 
morphisms 

V{r) (g) V{r') = V{r + r'), V{r) ® V{2, r') V{2, r + r'), 
V{r)'g)P{r') = P{r + r'), V{r) ® Mi{r' .rf) = Afi(r + r', 77). 

Proof. It follows from a straightforward verification. □ 

Lemma 2.2. Let r G Z2, a7i(i let M be a D^-module. Then V{r) ® M is indecom- 
posable if and only if M is indecomposable. Moreover, if M is indecomposable then 
r\{V{r) (g) M) ^ rl(M), and if M is of (s, t)-type then so is V{r) ® M. 

Proof, li M = N (B L for some nonzero submodules N and L of M, then V{r) ® N 
and V{r)®L are nonzero submodules of T^(r)(g)iVf, and T^(r)(g)iW = T^(r)(g)(7V©L) = 
(F(r) (g) TV) ® {V{r) ® L). Hence if V{r) g) M is indecomposable then so is M. 
Conversely, since M = F(0) (g M = {V{r) g) V{r)) g) M = V{r) ® (V"(r) g) M) by 
Proposition 12.11 the same argument as above shows that if M is indecomposable 
then so is V{r) ® M. 

Now assume that M is indecomposable. If rl(Af) = 1 or 3, then M is simple or 
projective, and hence rl(V^(r) g) M) = rl(Af) by Proposition 12. II 

If rl(M) — 2 and M is of (s, t)-type, then there is an r' G Z such that soc(Af) — 
JM = tV{r') and Af/soc(Af) = sV{r' + 1). Let ^ G V{r). Then V{r) = kv by 
A\mV{r) — 1. Hence any subspace of V{r)®M has the form v®N for some subspace 
N of Af. It follows from a straightforward verification that u g) iV is a (simple) 
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submodulc of V{r) (g) AI if and only if iV is a (simple) submodule of M. Thus, 
by Proposition Ell] we have soc(y(r) (g) M) = V{r) (g) soc(M) ^ V{r) ® itV{r')) ^ 
tV{r + r') and {V{r) (g) M)/soc(y{r) g) M) = {V{r) g) M)/{V{r) g) soc(M)) ^ 
l/(r)g)(M/soc(M)) ^ l/(r)g)(sF(r' + l)) ^ sV{r + r' + l). Hence rl(y(r) g)M) = 2 
and V{r) g) Af is of (s, t)-type. □ 

Corollary 2.3. Let r,r' e Z2 and s > 1. Then there are D4-module isomorphisms 
V{r) (g> n'V{r') = n'V{r + r'), V{r) g) ft^'^Vir') = n-'V{r + r'). 



Proof. It follows from Lemma [272] and its proof. □ 

Proposition 2.4. Let r, r' e Z2 and 77 G ¥^{k). Then V{r) g) M^ir', ry) ^ Ms{r + 
r',r]) as D^-modules for all s > 1. 

Proof. It follows from Proposition 12. II that V{r) g) Mi{r',ri) = Mi{r + r',ri). Now 
assume s > 1. Since Ms{r',r]) is of (s,s)-type and soc{Ms{r' ,r])) = sV{r'), it 
follows from Lemma [2.21 and its proof that V(r) g) Ms{r',ri) is indecomposable of 
(s,s)-type, and soc(y(r) g) Ms{r',r])) = sV{r + r'). Then from [TUl Proposition 
3.11 and Theorem 3.10(1)], one gets that V{r) 1^ Ms{r' ,r]) ^ Ms{r + r',a) for some 
a G pi(A:). Thus, by [lOl Theorem 3.10(2)], we know that y(r)g)Ms(r', 77) contains a 
unique submodule of (1, l)-type, which is isomorphic to Mi{r + r', a). On the other 
hand, again by [10, Theorem 3.10(2)], Ms{r' , rf) contains a submodule isomorphic to 
Mi(r', rf). Hence V{r)®Ms{r' , rj) contains a submodule isomorphic to Mi{r + r' ,rf) 
since V"(r) g)Mi (r', ry) = Mi (r + r', 77). It follows that Mi(r + r',a) ^ Mi(r + r', 77), 
which forces a = 77 by [TO] Theorem 3.10(4)]. This completes the proof. □ 

In the following, unless otherwise stated, all isomorphisms are D4-module isomor- 
phisms. 

Proposition 2.5. Letr,r'eZ2. Then V{2,r) (S)V{2,r') ^ P{r + r' + I). 

Proof We first show that V{2,0) (g ^(2,0) = P(l). Let {^1,1)2} be the standard 
basis of V{2,0) as stated in Section 1. Then {vi (E) Vj\l < i,j < 2} is a basis of 
V{2, 0) g) V{2, 0). Let ui ^ V2 ^ vi ~ vi V2, U2 — 2v2 g) ^2, U3 = —ivi g) vi and 
U4 = —4:{vi fSi V2 + V2 (?) vi) . Then {ui,U2, M3, ^4} is also a basis of V^(2, 0) ® 1^(2, 0). 
Now by a straightforward verification, we have 



a ■ 


■ Ul 




d- 


Ul 


= U3, 


b- 


Ul 


= -Ul, 


c 


■ Ul 


= -Wl 


a ■ 


■ U2 


= 0, 


d- 


U2 


= -U4, 


b- 


U2 


= M2, 


c 


■ U2 


= U2, 


a ■ 


■ U3 


= -"4, 


d- 


U3 


= 0, 


b- 


U3 


= U3, 


c 


■ U3 


= U3, 


a ■ 


■ U4 


= 0, 


d- 


U4 


= 0, 


b- 


U4 


= -U4, 


c 


■ 7i4 


— —1*4 



This shows that V^(2, 0) g) V^(2, 0) P(l). Then by Proposition O we have 

Vi2,r)(g)V{2,r') = y(r) g) ^(2, 0) g) y(r') g> V^(2, 0) 
y(r) g) y(r') g) V^(2, 0) g) y(2, 0) 
^ y(r + 7-') g) -P(l) 
= P(r + / + 1). 

□ 
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Lemma 2.6. Let M be an indecomposable Di-module with rl(M) = 2. If M is of 
{s,t)-type and soc(Af) = tV{r) for some r G Z2, then 

V{2, r') ®M'^ tV{2, r + r')(S sV(2, r + r + 1) 

for any r' G Z2. 

Proof. Let M be an indecomposable Z34-module with rl(Af) = 2, and assume that 
M is of (s,i)-type with soc(M) = tV{r) for some r e Z2. Then M/soc(Af) = 
sV{r + 1) by the structure of indecomposable -D4-modules described in Section 1. 
Hence there is an exact sequence of Z?4-modules 

tV{r) ^ M ^ sV{r + 1)^0. 

Let r' € li-i- Applying V^(2,r')(X) to the above sequence, one gets another exact 
sequence of L'4-modules 

(1) V{2, r') (g, {tV{r)) ^ V{2, r') ®M ^ V{2, r') ® {sV{r + 1)) ^ 0. 

From PropositionEU one knows that V{2, r')®{tV{r)) = tV{2, r+r') and V{2, r')® 
{sV{r + 1)) = sV{2, r + r' + 1). Since V{2, r + r' + 1) is projective, the sequence 
(P is split. It follows that V{2, r') <S> M = tV{2, r + r')® sV{2, r + r' + 1). □ 

Corollary 2.7. Let r,r' G Z2, s >1 and 77 G P"'^(fc). Then we have 

(1) If s is odd, then 

V{2, r') (g) n'V{r) = V{2, r') (g) fl"" V(r) ^ sV{2, r + r')® {s + 1)V{2, r + r' + 1). 

(2) // s is even, then 

V(2, r') (g) n'^Vir) ^ V{2, r') ® ri'^'Vir) ^ sV{2, r + r' + 1) © (s + l)V{2, r + r'). 

(3) V{2, r') (g) Ms{r, r]) ^ sV{2, 0) © sV{2, 1). 

Proof If s is odd, then soc(17"F(r)) = n-'V{r)/soc{n--'V{r)) = sF(r) and 
n''Vir)/socin''V{r)) ^ soc(rj-'*F(r)) ^ (s+l)y(r+l). Hence Part (1) follows from 
LemmaHH If s is even, then soc{n-'V{r)) ^ n-''V{r)/soc{n-''V{r)) ^ sV{r + 1) 
and n''V{r)/soc{n'V{r)) ^ soc(17-"t/(r)) 9^ {s + l)V{r). Hence Part (2) fol- 
lows from Lemma [2.61 Since soc{Ms{r,ri)) ^ sV{r) and M s{r , rf) / soc{M s{r , rf)) ^ 
sV{r + 1), it follows from Lemma that V{2,r') ® Ms{r,rf) = sV{2,r + r') © 
sV[2, r + r' + l)^ sV{2, 0) © sV{2, 1). This shows Part (3). □ 

Corollary 2.8. Let r, r' G Z2 . Then V{2, r')®P{r)^ 2V{2, 0) © 2V{2, 1) . 

Proof. Applying V{2,r')g) to the exact sequence — VlV{r) ^ P{r) V{r) 0, 
one gets the following exact sequence of L'4-modules 

-> V{2, r') ® VLV{r) ^ V{2, r') (g P{r) V{2, r') g) V{r) 0. 

By Proposition HH] and Corollary ^TR we have V{2,r') (g 9y{r) ^ V{2,r + r') © 
2V{2, r + r' + 1) and V{2, r') g) V(r) ^ V{2, r + r'). Since V{2, r + r') is projective, 
the above sequence is split. Hence F(2, r')(g)P(r) = 2F(2, r-|-r')©2F(2, r+r' + l) ^ 
2F(2,0)©2F(2,1). □ 
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Lemma 2.9. Let M be an indecomposable Di-module with rl(Af) = 2. IJ M is of 
{s,t)-type and soc(Af) = tV{r) for some r G Z2, then 

P{r') ® M ^ tP{r + r') © sP{r + r' + 1) 

for any r' G Z2 . 

Proof. It is similar to Lemma ^IM □ 

Corollary 2.10. Let r,r' G Z2, s > 1 anrf ry G P^(fc). Then we have 

(1) // s is odd, then 

P{r') ® VL'Vir) = P{r') ® ^-'Vir) = sP{r + r') © (s + l)P{r + r' + 1). 

(2) // s is even, then 

P{r') ® VL''V{r) ^ P{r') ® r2""V(r) = sP{r + r' + 1) © (s + l)P(r + /)• 

(3) P{r')®Ms{r,ri) = sP{0) ® sP{l). 

Proof. It is similar to Corollary 12.71 by using Lemma [2.91 □ 
Corollary 2.11. Let r,r' G Zj. Then P{r') ® P{r) ^ 2P(0) © 2P(1). 

Proof. It is similar to Corollary |2.8l by using ProDOsition l2 . II and Corollary |2.10l □ 

For a D4-module M, let Mf^^) = {m G M\b ■ m = c ■ m = (-l)''m}, r G Z2. 
If M is a I?4-module without composition factors of dimension 2, then obyiously 
M = M(o) © -M(i) as yector spaces. If M and are Z?4-modules and f : M ^ N 
is a £)4-module map, then /(M(j,)) C A'^j-^-) for any r G Z2. 

In what follows, we regard il°V^(r) = V{r) for any r G Z2. 

Lemma 2.12. Lei Af be an indecomposable D^-module with rl(AL) = 2, and as- 
sume M/{JM) = sV{r) for some s>l and r G Z2. /// : sP{r) © tP{r + 1) Af 
is a D^-module epimorphism for some t > 1, then Ker(/) = flM © tP(r + 1). 



Proof. Assume / : sP{r) © tP{r + 1) — > Af is a Z?4-module epimorphism, t > 1. 
Let A^ — sP{r) and L = tP{r + 1), and regard A^ and L as submodules of A^ © L. 
Then / induces a Di-modvde epimorphism / : {N/{JN)) © {L/{JL)) M/{JM). 
Since N/{JN) = M/{JM) = sV{r) and L/{JL) = tV{r + 1), 7{L/{JL)) = 0, 
and hence 7{N/{JN)) = M/{JM). It follows that /(L) C JA/ = soc(A/) and 
/Itv : A^ ^> Af is surjectiye. Consequently, f\N : N M is a. projectiye coyer of 
Af , and so Ker(/|Ar) = ilM. 

Now let us consider the £'4-module map /|l : L — > Af. Since L is a projective 
module and /|jv : A^ — >■ Af is an epimorphism, there is a f?4-module map (p : L ^ N 
such that (/|Ar)(^ = Define a map g : L ^ N (B L hy g{v) = v — (j){v) 

for all V € L. It is easy to check that g is a £'4-modulc monomorphism. Let 
L' = Im(g). Then L' is a submodule of A^ © L and L' = L = tP{r + 1), and hence 
soc(L') = tV{r + 1). Howeyer, soc(7V) = sV{r). It follows that L' n A^ = 0. Thus, 
we haye A^ © L = A^ © L' by comparing their lengths. Obviously, L' C Kcr(/). It 
follows that Kcr(/) = (Ker(/) n A^) © L' = Ker(/|jv) © L' = ilM © tP{r + 1). □ 
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Lemma 2.13. Let r, r' G Z2 and s > 1. 

(1) // s IS odd, then n'V{r) (E> nV{r') ^ 17"+V(r + r') © sP{r + r'). 

(2) // s is even, then Q^Vir) ® nV{r') = Q'+^Vir + r') sP{r + / + 1). 

Proof. (1) Assume s is odd. Applying i7*y(r)® to the exact sequence ^lV(r') ^ 
P(r') — > V{r') — > 0, one gets an exact sequence of Z?4-modules 

^ n^Vir) (g) nV{r') ^ Q'V{r) P{r') VL'V{r) ® V{r') 0. 

By Corollaries[23]and[230i;i), we have Q.^'V {r)®V {r') = VL^V{r + r') and VL''V{r)® 
P{r') = sP{r + r') (s + l)P{r + r' + 1). Hence we have an exact sequence of 
i?4-modules 

-> n^Vir) ® nV{r') sP{r + r') (s + l)P(r + r' + 1) ^ 0"V^(r + r') ^ 0. 

Since rl(f7^F(r + r')) 2 and fl^Vir + r') / {.JVl'^V {r + r')) = {s + l)V{r + r' + 1), 
it follows from Lemma [SHI that n^Vir) (g) nV{r') ^ n''+'^V{r + r') © sP{r + r'). 

(2) It is similar to (1) by using Corollaries 12. 3[ [2.10^ 2) and Lemma [2. 121 □ 
Proposition 2.14. Let s,t>l and r,r' G Z2. 

(1) Its + tis even, then n^Vir) (g) n*V{r') = 0"+*T/(r + r') ® stP{r + /). 

(2) If s + t IS odd, then VfVir) (g> n*V{r') = fl^+^Vir + r') © stP{r + r' + 1). 

Proof. We prove the proposition by induction on t. If i = 1, then the proposition 
follows from Lemma [2. 131 Now let t > 1. 

Assume s + Ms even. Then s + t — I is odd. By the induction hypothesis, we have 
nW{r) (g) f]*-iy(r') = n'+*-^V{r + r') © s[t - l)P{r + r' + 1). Then by Lemma 
12.131 and Corollarv l2.101 we have 

Q.'V{r) © r2*-iy(r') ® VLV{id) 

n^+^-^Vir + r') © nV{Q) © s{t - l)P(r + / + 1) © VLV{Q) 
= n^'+^Vir + r') © {st + (s + 1)(< - l))P(r + r') © s{t - l)P(r + r' + 1). 

On the other hand, if i — 1 is odd, then s is even. In this case, by Lemma 12.131 and 
Corollarv l2.10[ we have 

n'V{r) © r2*-iy(r') © flV{0) 

^ n'V{r) © r2*y(r') © n'V{r) © (i - l)P(r') 

^ f^'^yM © n^V{r') © (s + l)(f - l)P(r + /) © s{t - l)P(r + r' + 1). 

If i — 1 is even, then s is odd. In this case, by Lemma [2. 131 and Corollarv l2.101 we 
have 

Qw{r) © n^-^v{r') © nv{o) 

^ n'V{r) © f^*y(r') © n'Vir) © (i - l)P(r' + 1) 

^ f7"y(r) © r2*y(r') © (s + l)(i - l)P(r + /) © s{t - l)P(r + r' + 1). 

Thus, we have proved the following isomorphism 

n'Vir) © n^V{r') © (s + l)(t - l)P(r + r') © s(t - l)P(r + r' + 1) 
^ n'+*V{r + r') © {st +{s + 1)(< - l))P(r + r') © s(t l)P(r + r' + 1). 
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It follows from Krull-Schmidt-Rcmak Theorem that 

n^Vir) (g) n*V{r') ^ n^+^Vir + r') ® stP{r + r'). 

Assume s + 1 is odd. Then similarly, one can show that 

n^Vir) (8) n*V{r') © (s + l)(t - l)P(r + r' + 1) © s{t - l)P(r + r') 
= n'+*Vir + r') © {st +{s + - l))P(r + r' + 1) © s(i - l)P(r + r'). 

From KruU-Schmidt-Remak Theorem, we have 

n'V{r) © n*V{r') ^ n'+^V{r + r') © stP{r + r' + 1). 

□ 

Lemma 2.15. LetreZ2. Then V {r}* = V (r) and V{2,r)* ^ V(2,r + 1). 
Proof. It follows from a straightforward verification. □ 
By Lemma [2.151 one can check the following lemma. 

Lemma 2.16. Let r £ Za. Then P{r)* = P{r), (n^Vir))* = n-'Vir) and 
{n-'V{r))* = n'V{r) for all s>l. 

Proof. From the discussion in Section 1, there is a minimal projective resolution of 
Vir): 

> 4P(r + 1) ^ 3P(r) 2P(r + 1) ^ P(r) -> V{r) 0. 

Applying the duality (— )* to the above resolution, one gets a minimal injective 
resolution of V(r)*: 

-> V{ry P(r)* ^ 2P(r + 1)* ^ 3P(r)* ^ 4P(r + 1)* ■ • ■ . 

By Lemma [2.15[ V{r)* = V{r). It follows from the discussion in Section 1 that 
P(r)* = P(r) and {fl'^Vir))* = n-'V{r) for aU s > 1. Then {n-'V{r))* 
{n'V{r))** ^ n^Vir) for aU s > 1. □ 

Corollary 2.17. Let s,t>l and r,r' G Z2. 

(1) It s + t is even, then fl'^'Vir) (g) n-*V{r') = f7-("+*V(r + /) © stP{r + r'). 

(2) If s + t is odd, then n--'V(r) (E)n-^V{r') 9i n-'-'+^^Vir + r') ® stP{r + r' + 1). 

Proof We have already known that (M (g TV)* ^ iV* g) M* ^ M* © N* for any 
M,N S modZ?4. Thus, the corollary follows from Proposition 12.141 and Lemma 
BTTCl bv using the duality (-)*. □ 

Lemma 2.18. Let r, r' G Z2 and s > 1. 

(1) // s is odd, then n-'V{r) (g) nV{r') = n^'+^ir + r') © (s + l)P(r + r' + 1). 

(2) // s IS even, then n-''V{r) © nV{r') ^ n-''+'^V{r + r') © (s + l)P(r + r'). 

Proof Applying il~''V{r)(E) to the exact sequence flV{r') ^ P{r') V{r') -> 
0, one gets the following exact sequence of D4-modules 

^ n-'Vir) © nV{r') VL-'V{r) © P(r') -> r2""y(r) © V{r') 0. 
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From Corollary [231 we have fl^^Vir) V{r') = n^''V{r + r'). From Corollary 
I2J01 we have that n-^Vir) (g> P(r') = sP{r + r') © (s + l)P{r + r' + 1) if s is odd, 
and that r2"^F(r) ® P(r') = sP(r + r' + 1) © (s + l)F(r + r') if s is even. Then 
the lemma follows from the above exact sequence and Lemma 12.121 □ 

Corollary 2.19. Let r, r' e Z2 and s>l. 

(1) If s IS odd, thenQ.''V{r)®Q.-^V[r') ^ {s + l)Pir + r' + 1) ® n'-^Vir + r'). 

(2) Ifs is even, then fl'^Vir) (g) n~^Vir') ^ (s + l)P(r + /) ® f^""^F(r + r'). 



Proof. It follows from Lemmas 12.161 and 12.181 bv using the duality (— )*. □ 

Proposition 2.20. Let r,r' G Z2 and s,t >1. 

(1) If s + t is even and s > t, then 

n^Vir) ® n'^V{r') = n^-^Vir + r') © (s + l)tP{r + r' + 1). 

(2) If 8 + t is odd and s > t, then 

Q'V{r) (K) n-^V{r') = n^'^Vir + r') © (s + l)tP{r + r'). 

(3) If s + t is even and s < t, then 

n'Vir) © fl^*'V{r') = fl'-*V{r + r') © (t + l)sP(r + r' + 1). 
(s) If s + t is odd and s < t, then 

n''V{r) ® n~^V{r') ^ n'-^Vir + r') ® {t + l)sP{r + r'). 

Proof. We first prove Parts (1) and (2) by induction on t. If t = 1, they follow from 
Corollary [HI Now let s > i > 1. 

Assume s + t is even. Then both s + t — 1 and s — < + 1 are odd, and hence 
nW{r) © n~*+^V{r') = {s + l)(t - l)P(r + r') © n'-*+W{r + r') by the induction 
hypothesis. Thus, by Corollaries 12. lOf l) and l2.19r i). we have 

fl''V{r) © fl-*+^V{r') © n-^V{0) 
^ (s + l)(i - l)P(r + r') © n-^V{0) © Q'-^+'^Vir + r') © n-^V{0) 
^ (s + l){t - l)P(r + r') © {2st -s + t)P{r + r' + 1) © r2''~*y(r + /). 

On the other hand, if i — 1 is odd, then s is even. In this case, by Corollaries l2 . 1 7f 1) 
and l2.10l 2). we have 

n^'vir) © r2-*+iy(r') © vl-^v{o) 

^ flWir) © fl'*V{r') © n'V{r) © (i - l)P(r') 

^ n'V{r) © n'*Vir') © s(t - l)P(r + r' + 1) © (s + l)(t - l)P(r + r'). 

If f — 1 is even, then s is odd. In this case, by Corollaries 12 . 1 2 *) and l2.10T l'). we 
have 

wv{r) © n-^+^v{r') © n-^v{o) 

^ r2''y(r) © fl~*V{r') © 17"y(r) © (i - l)P(r' + 1) 

^ n^Vir) © n^^Vir') © s(t - l)P(r + r' + 1) © (s + 1)(< - l)P(r + r'). 
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Thus, we have proved that 

Q'V{r) ® Q-*V{r') © s{t - l)P{r + r' + 1) (s + 1)(< - l)P(r + r') 
= n'-^V{r + r') ® (2st - s + t)P{r + r' + 1) ® (s + - l)P(r + r'). 

Then by Krull-Schmidt-Remak Theorem, we have 

n'Vir) eg) n-^Vir) ^ n'-^Vir + r') © (s + l)tP{r + r' + 1). 

Assume s + 1 is odd. Fonowing the argument above, one can show that 

Q'V{r) ® 0-*y(r') © s{t - l)P(r + /) © (s + l){t - l)P{r + r' + 1) 
f7""*y(r + r') © (2st -s + t)P{r + r') © (s + - l)P(r + / + 1). 

Then by Krull-Schmidt-Remak Theorem, we have 

Q'^Vir) (g, n-*V{r') ^ n'-^Vir + r') (B [s + l)tP{r + /). 

Thus, we have proved Parts (1) and (2). 

Now assume that s -f t is even and s < t. Then by Part (1), we have fl^^V{r) (g) 
n*V{r') = (t + l)sP(r + r' + 1)® fl^-^Vir + r'). Applying the duality (-)* to the 
isomorphism, it follows from Lemma 12.161 that 

n'^Vir) ® n-W{r') ^ r2"-V(r + r') © (t + l)sP(r + / + 1). 

This shows Part (3). Similarly, Part (4) follows from Part (2) and Lemma [2. 161 by 
using the duality (— )*. □ 

Proposition 2.21. Let s,t>l and 77 G P^{k). 

(1) Ifs is odd then Mt(0, ry) (g) f)''l/(0) ^ stP(O) © Mt(l, r;). 

(2) // s is even then Mt(0, t]) © ^"¥(0) ^ stP(l) © Mt(0, 77). 

Proof. We prove the proposition by induction on s. 

Applying Mt(0,'il)(g} to the exact sequence flV{0) ^ P(0) —?■ V{0) 0, one 
gets the following exact sequence of £'4-modules 

^ Mt{0,ri)(g,QV{0) Mt(0,ry) (g)P(O) ^> Mt(0, 77) ® ^(0) 0. 

By Proposition [13] and Corollary [^JUT S). we have Mt(0,?7) <g) V{0) ^ Mt(0,7?) and 
Mt(0, 77) © P(0) = tP{Q) © tP(l). Hence we have an exact sequence 

^ Aft(0,ry) © W(0) ^ tP(0) © tP(l) Aft (0, 77) ^ 0. 

It follows from Lemma HH] that Mt(0, 77) © nv{0) ^ tP{0) © 17Mt(0, 77) ^ tP{0) © 

Let s > 1 be even. Then we have an exact sequence 

^ Q'V{0) ^ sP(l) ^ 17"- V(0) ^ 0. 

Applying Mt(0,77)© to the above exact sequence, one get the following exact se- 
quence 

^ A'/t(0,?7) © n^ViO) Mt(0,?7) © (sP(l)) ^ A/t(0,77) © ^"-^¥{0) 0. 
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By Lemma \T9\ we have Mt{0,r]) ® (sP(l)) = stP{0) © stP{l). By the mduction 
hypothesis, we have Mt(0, 77)® f^''"iy(0) = (s - l)iP(O) ® Mt(l, 77). Hence we have 
an exact sequence 

^ Mt(0,7y) (^f7''V"(0) -> siP(O) © siP(l) ^ (s- l)tP(O) eMt(l,77) ^ 0. 

Since (s — l)iP(O) is projective, from the above exact sequence, one can deduce the 
foUowing exact sequence 

^ Mt(0,Tj)(E>n''V{0) tP{0)®stP{l) Mt{l,ri) 0. 

It follows from LemmaHHlthat Mt{0, r])^n''V{0) ^ stP{l)®nMt{l, rj) = siP(l)® 
Mi (0,77). 

Let s > 1 be odd. Then we have an exact sequence 

^ Q'V{0) sP(0) ^ Q'-^ViO) 0. 

Then an argument similar to the above one shows that Mt(0, ri)(E)^'^V{0) = stP(O)© 
nMtiO,r,) = stP{0)®Mt{l,7j). □ 

Corollary 2.22. Let s,t > 1, r,r' e Z2 a7id 7; £ pi(A:). 

(1) Ifs is odd then Mt{r,r)) (g) nWir') ^ stP{r + r') ® Mt{r + r' + 1,7/). 

(2) If s is even then Mt{r,r]) ® fi''F(r') ^ stP{r + r' + 1) © Mt(r + 7-', 77). 

Proof. If s is odd, then by Propositions 12. 11 12.41 12. 2lT l) and Corollarv l2.31 we have 

Mtir,r]) (^n^Vir') = V{r) (g, MtiO,r]) (^V{r') ^"¥(0) 

^ y(r + r')«)Mt(0,r/)(g)r2''y(0) 

^ y(r + r')«)(stP(0)©Mt(l,77)) 

= stP(r + r')ffiMt(r + r' + 1,77). 

This shows Part (1). Part (2) can be shown similarly. □ 
Lemma 2.23. Let s>l, r e Z2 and 77 e pi(fc). T/ie7i Ms{r,i])* = Ms{r + 1,7/). 

Proof. By Proposition l2.4l and Lemma r2.151 we only need to show that Ms(0, rf)* = 

M,(l,77). 

For 7/ e fc, let {wi, W2} be the standard basis of A/i(0, rj) as stated in Section 1, and 
let {/i, 72} be the dual basis in Afi(0, 77)*. Then one can easily check that 

a-./2 = /l, d-f2 = -T]fi, b-f2=f2, C-/2=/2, 

a-/i-0, d./i=0, b-fi^-f,, c-fi = -fi. 

Hence Afi(0,77)* = 1/1(1,77). For rj — 00, one can similarly show that Mi (0,77)* = 
Mi(l,77). 

Now assume s > 1 and 7/ G P^(fc). Then there is a _D4-module epimorphism 
Ms(0, 7/) — Afi(0, 7/). Applying the duality (— )*, one gets a £)4-module monomor- 
phism Ml (0,7/)* Afs(0,7/)*. Hence A/s(0,7/)* contains a submodule isomorphic 
to Mi(0, 77)* = Mi(l, 77). It follows from [10, Theorem 3.10(2) and Proposition 3.11] 
that Ms{0, 77)* = Ms(l, 77) since Ms(0, 77)* is of (s, s)-type. □ 
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Corollary 2.24. Let s,t>l, r,r' e Z2 and rj e V^{k). 

(1) If s is odd then Mt{r,r]) ® n-^ir') = stP{r + r' + I) ® Mt{r + r' + l,r]). 

(2) If s is even then Mt{r,r]) (g) il^'^Vir') = stP{r + r') ® Mt{r + r' ,rf). 



Proof. It follows from Lemmas 12.161 and 12.231 by applying the duality (—)* to the 
isomorphisms in Corollary 12.221 □ 

Proposition 2.25. Let r,r' E Z2 and a.-q G P-'^(fc). If a ^ rj then Ms{r,a) (g) 
Mt{r',ri) ^ stP{r + r') for all s,t>l. 



Proof. By Propositions 12 . II and 12 .41 it is enough to show that Ms{0, a) CS)Mj(0, 77) = 
stP{0) for all s,t > 1, and a ^ 77 in P^(fc). We proye the statement by induction 
on s + t. 

Let a,r] E k with a ^ rj. Let {wi, W2} and {wi, U2} be the standard bases of A/i(0, a) 
and Mi(0, 77) as stated in Section 1, respectiyely. Putting wi = vi ® ui, W2 — vi ® 
U2 — V2®ui, ws = av2(E>ui — r]Vi(E)U2 and Wi = {a — r])v2(i>U2 in Mi(0, a)(8)Mi(0, 77). 
Since a ^ rj, {wi, u;2, W3, 104} forms a basis of Afi(0,a) (g) Mi (0,77). Now one can 
easily check that 

a ■ wi — W2, d ■ wi — W3, b ■ wi — wi, c ■ wi = wi, 

a-W2=0, d-W2^~W4, b-W2^-W2, C-W2^-W2, 

a ■ — W4, d ■ W3 — 0, b ■ W3 — ~W3, c ■ W3 = —W3, 
a ■ W4 — 0, d ■ Wi — 0, b ■ W4 ~ W4, c ■ W4 = W4. 

It follows that Mi(0, a)(g)Mi(0, 77) = P{0). Similarly, one can show that Afi(0, 00) (g) 
Ml (0,77) ^ P(0) for aU rj e k. 

Now let a 7^ 77 in P^(fc) and assume s + t > 2. We may assume t > 1 since 
M (g) = iV (g) M for any modules M and N. Then we haye an exact sequence 
Mt_i(0,77) Mt{0,-n) Ml (0,77) 0. Applying MsiO,a)^, one gets the 
following exact sequence 

0->Ms(0,a)(gMt_i(0,77) ^ Af, (0, a) g) Mt (0, 77) -> M,(0, a) g) Mi(0, 77) ^0. 

By the induction hypothesis, we haye Ms{0,a) dg Mt„i(0,77) = s{t — l)P(O) and 
Ms(0, a) (g Mi(0, 77) = sP{0). Hence we haye an exact sequence 

^ s(< - l)P(O) M,(0,a) g)Mt(0,77) ^ sP(0) 0, 

which is split since P(0) is projectiye (injectiye). It follows that Ms{0, a)(E)Mt(0, rj) = 
siP(O). □ 

Lemma 2.26. Let s > i > 1. If M is an indecomposable module of (s + 1, s)-type, 
then M contains no submodules of {i + I, i)-type, and consequently, M contains no 
proper submodule N with l{N/soc{N)) > 1{N). 

Proof. It is similar to f9'j Lemma 4.3]. □ 

Lemma 2.27. Let M be an indecomposable module of {s,s)-type with s > 2. Then 
M contains no submodules of {i+l,i)-type. Consequently, M contains no submodule 
N with l{N/soc{N)) > 1{N). 
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Proof. It follows from 9] Lemma 4.3] and [101 Proposition 3.3]. It also can be 
shown by an argument similar to the proof of IS] Lemma 4.3]. □ 

Lemma 2.28. Let s > 1 and M be an indecomposable module of (s, s)-type. Then 
M can be embedded into an indecomposable module o/ (s + 1, s)-type. 

Proof. By Corollary 12 .31 and Proposition [23J we may assume M — Ms(0, 77), where 
77 G P^(fc). It is enough to show that there is a monomorphism (Is : Ms{0,ri) fl^V, 
where V = V{0) for s being odd and V = V{1) for s being even. We prove the 
statement by induction on s. 

Obviously, there is a £'4-modulc monomorphism ai : A/i(0,77) — > flV{0), which 
is not split monomorphism since flViO) is indecomposable. From [10, Theorem 
3.10(5)], there is an almost split sequence: 

^ Ml (0,77) A M2(0,?7) ^ Ml (0,77) 0. 

Hence cti factors through r, i.e., there is a module map : AhiO, rj) — > ilV{Q) such 
that (Ti = 0T. We claim that cf) is an epimorphism. In fact, we have VLV{Q) 3 
lm(0) D Im(o-i) Ml (0,7/). Since /(Mi(0,?7)) = 2 and l{nV(Q)) = 3, lm(0) = 
Im((Ti) or lm(0) = fiF(O). If Im((/i) — Im(cri), then </> can be regarded as an 
epimorphism (f) : M2(0, 77) lm(0) = Mi(0, 77), which forces KeT{(j)) is of (1, l)-type. 
It follows from [THl Theorem 3.10(2)] that Ker((/.) = Im(r). Thus, 0r = ^ ai, 
a contradiction. Hence is an epimorphism from Af2(0, 7/) to flV{0). From |10[ 
Theorem 3.5(2)], there is an almost split sequence 

^ n^v{o) ^ n^v{i) © n'^vii) i}v^(o) ^ o. 

It follows from [2] Lemma V.5.1] that both / and g are epimorphism since they 
are irreducible morphisms and l{fl'^V{l)) > l{ilV{0)). Note that (j) is not split 
epimorphism since M2(0, 7/) is indecomposable. Hence factors through {f,g), 

i.e., there is a i:>4-modulc map | M : M2(0,?7) ^ 17^^(1) ® 172^(1) such that 

fa2 + gcr'2 — (/)■ We first show that l{lm{fa2)) ^ 1- In fact, if /(Im(/cr2)) = 1 then 
Im(/cr2) C soc(riF(0)) ^ V{0), which implies that Im(/CT2) = F(0). Hence fa2 
induces an epimorphism fa2 ■ A/2(0, 77)/(JM2(0, 77)) -> T^(0). This is impossible 
since M2(0, 77)/( JM(0, 77)) ^ 21/(1). Similarly, Z(Im(gcr^)) 7^ 1. Without losing 
generality, we may assume Z(Im(/cr2)) > ^i^'^^ig'^-z))- Since is an epimorphism, 
wehave W(0) = lm(0) = Im(/cr2+3CT^) C Im(/cr2)+Im(5cr^). IfIm(5(T^) = then 
Im(/(T2) = r2T/(0), and so fa2 is an epimorphism from M2(0,77) to ^IV{0). Now 
assume that lm{ga'2) ^ 0. Then 3 = l{nvlo)) > /(Im(/(72)) > Z(Im(gcr^)) > 2. 
If ;(Im(/(T2)) = 2 then lilm^ga'^)) = 2. In this case, [Im(/CT2)] = [Im(5cr^)] = 
[V{0)] + [V{1)] in GoiDi), and consequently [Ker(/CT2)] = [Ker(5cr^)] = [V{0)] + 
[¥(1)] in GoiD^) since [M2(0,77)] = 2[V{0)] + 2[V{1)]. This implies that both 
Ker(/(T2) and Ker(g(T2) are submodules of (1, l)-type in A^2(0, 7/). It follows from 
[Till Theorem 3.10(2)] that Ker(/cr2) = Ker(g4). This implies that Ker(/cr2) = 
Ker((7(T2) ^ Ker((/()) = V{0), a contradiction. Thus, we have proved that fa2 is 
an epimorphism from M2(0,77) to flV{0). It follows that Ker(/(T2) = ^(0). Since 
Ker(cr2) C Ker(/cr2), Ker(cr2) = V'(O) or Ker(cr2) = 0. If Ker(cr2) = V{0), then 
Ker(cr2) = Ker(/(T2), and hence Im((T2) nKer(/) = 0, which implies that f2^F(l) — 
Im(iT2) ® Ker(/) by comparing the lengths of the both sides since / : il,^V{l) 
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riV^(O) is an cpimorphism. This is impossible since ft^Vll) is indecomposable. 
Hence Ker((T2) — 0, and so (T2 : M2(0, 77) il^V{l) is a monomorphism. 

Now let s > 2 and assume that there is a monomorphism ctj : Mi{Q,ri) —> ri*y(0) 
for any 1 < i < s with i being odd, and there is a monomorphism cr^ : Mi{0,ri) — > 
ri'y(l) for any 1 < i < s with z being even. By [ini Theorem 3.10(5)], there is an 
almost split sequence: 



Then gi is an epimorphism and /i is a monomorphism since they are irreducible 
morphisms and Z(M,,(0,7y)) > ;(Afs_i(0, 77)) > l{Ms-2{0,v))- 

Assume s is odd. Then s — 1 is even. By the induction hypothesis, there is a 
monomorphism as-i : Ms_i(0, rj) — > r2'*^^y(l), which is not a split monomorphism 



is a i:)4-module map (V^, </>') : Ms-2{0;V) ® A^s(0,»y) -> such that Vffi + 

= CTs-i- We claim that 4>' fi : Ms-i{0,r]) — )• n^~^V{l) is injective. In fact, let 
Ni be the submodule of {i, i)-type in Ms_i(0, 1]) for all 1 < i < s — 1. Then by [TOl 
Theorem 3.10(2)], iVi C 7V2 C ■ • • C 7V,_i = M,_i(0,r?) and iV, = Afi(0,ry) for aU 
1 < i < s - 1. Moreover, Ker(gi) = Ni. Hence (07i)(7Vi) = (ijjgi + (t)'fi){Ni) = 
(Ts-i{Ni). Since cts-i is injective, Ker((?!i'/i) n A^i = 0. If Ker(^'/i) ^ 0, then there 
is an i with 1 < i < s - 1 such that Ker(07i) n TV^ = but Ker((/)'/i) n N.,+i ^ 0. 
Thus, the sum Ni + (Ker((/)'/i) H Ni+i) is a direct sum and is a submodule of 
Ni+i, which implies that 1 < Z(Ker((/)7i) n 7Vi+i) < l{Ni+i) - 1{N,) = 2. If 
Z(Ker(07i) n 7Vi+i) = 2, then iV,+i = iV, ® (Ker(07i) n Ni+i). This is impossible 
since Ni+i = Mi-|.i(0,77) is indecomposable. Hence ^(Ker(07i) ri A^i+i) — 1, and 
so Ker(07i) n 7V,+i C soc(7V,+i), which implies that Ker(07i) n 7V,+i ^ V{0). 
Hence [(f /i)(7V,+i)] = [N,+i] - [Ker(f /i) n iV,+i] ^ [i + 1)[V{1)] + i[Vm in 
GoiDi). It follows that Z(((/.7i)(iV,+i)/soc((f /i)(7V,+i))) > ;(soc(((/.7i)(7V,+i))) 
since soc(f7^-iy(l)) (s - 1)1^(0) and n''-^V{l)/soc{rt'-^V{l)) ^ sV'(l). This 
contradicts Lemma [2.261 Hence Ker((^7i) = Oj which shows the claim that 4>' fi : 
M«_i(0,77) ^ r!^"il/(l) is injective. Then 0'(lm(/i)) = Im(07i) ^ M,_i(0,r;) = 
Im(/i) since /i is injective. Thus, ^(^'(Im(/i))) — l{lm{fi)), and so Im(/i) n 
Kei{(f>') = 0. It follows that the sum Im(/i) + Ker{(f>') is a direct sum. Note 
that Im(^7i) C Im((/i'). It follows that 2(s - 1) = Z(M^_i(0, 77)) = Z(Im(07i)) < 
Z(Im((^')) < ^(^^''"^'^^(1)) = 2s-l, andsoZ(Im((/)')) = 2(s-l) or /(Im((^')) = 2s-l. 
If Klni(?!'')) = 2(s - 1), then Z(Ker((/.')) = l{Ms{0,r])) - l{lm{(j>')) = 2, and hence 
Z(Im(/i) + Kei{(j}')) = Z(Im(/i)) + Z(Ker(0')) = 2s = Z(Ms(0,?7)). It follows that 
Ms(0,77) = Im(/i) © Ker(0'), a contradiction. Therefore, l(Im{4>')) = 2s - 1 = 
Z(17*~^y(l)), which shows that 0' : Ms(0,7/) — > f7^~^y(l) is an epimorphism. 

Note that (f)' is not a split epimorphism since Ms{0,r]) is indecomposable. From 
[TUl Theorem 3.5(2)], there is an almost split sequence 




since il'* 



V{1) is indecomposable. Hence as-i factors through 




, i.e., there 



v{i) n'v{o)®n'v{o) 



if',9') 



> fl'-^il) ^ 0. 
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Hence 4>' factors through {f',g'), that is, there is a -D4-niodule map 

Ms{0,T]) -> n'V{0) © n'V{0) such that fas + g'a's = </>'■ Without losing gener- 
aUty, we may assume Z(Im(/'o's)) > l{hn{g' a'^)) . Then fag ^ since (j)' ^ 0. We 
first show that fa^ is an epimorphism. If Im((7'cr^) C soc(ri''~^y(l)), then g'a'^ 
induces a L'4-module map g'a'^ : Afs(0, ?7)/( JMs(0, ry)) soc(r2*~^V"(l)). Since 
s - 1 is even, soc(f]*-iF(l)_) ^ {s - l)F(O). However, (0, r/)/(JMs (0, 77)) 
sV{l). It follows that g'a'g — 0, and hence g'a'^ = 0. In this case, fas — 
(f)' is an epimorphism. If lm{g'ag) — il'^^^V{l), then fas is also an epimor- 
phism by l{lm{fas)) > l{lm{g'as)). Now assume that Im(g'(T^) ^ fi*~iy(l) and 
Im(5'cr^) ^ soc(r2"-iy(l)). Then rl(Im(g'cr;)) = 2 and ;(Im(g'cr;)) < 2(s - 1) by 
= 2s-l. Let i = Z(Im(g'(T^)/soc(Im(g'(T^))) and j = l{soc{lm{g'a's))). 
Then [Im(5'(T^)] = j[y(0)]+i[y(l)], and hence [Ker(5'CT;)] = [M,(0, 77)]-[Im(g'(T^)] = 
(s-j)[T/(0)]-|-(s-i)[y(l)] inGo(i:'4)- It follows that /(Ker(g'cr^)/soc(Ker(5'cr^))) = 
s — i and ^(soc(Ker(g'(T^))) = s — j. By Lemma [2. 261 we have 1 < i < j < s — 1. By 
Lemma [2. 2 71 we have s — i< s — j, and hence j < i. It follows that 1 < i — j < s~l 
and 1 <s — « = s — j <s — 1. Again by Lemma 12.271 Ker{g'a's) contains an 
indecomposable summand of (t, i)-type for some 1 < t < s — i. Then by [101 
Theorem 3.10(2)], Ker{g'a'g) contains an indecomposable submodule of (1, l)-type. 
Since fas 7^ 0, lm{fas) ^ soc(r2^~^y(l)) by the same argument as above for 
g'a's- If lm{fas) ^ fl^^^V{l), then one can similarly check that Ker(/'o'5) con- 
tains an indecomposable submodule of (l,l)-type. From [TUl Theorem 3.10(2)], 
one knows that Ms{0,ri) has a unique submodule of (1, l)-type, denoted by N. 
Hence N C Ker(/'(T,) n Kevig'a'^) C Ker(0')> and so /(Ker(0')) > K^) = 2. Thus, 
Z(Im((/.')) = l{Ms{0,r])) - /(Ker((^')) < 2s - 2 < l{n'-^V{l)), which is impossible 
since 0' is surjective. Therefore, fas is an epimorphism from Ms{0, rf) to ri''^^y(l). 
Then by an argument similar to the one for a2 before, one can easily check that 
as : Afs(0,77) — > ri*y(0) is a monomorphism. 

If s is even, then the same argument as above shows that there is a monomorphism 
as:Ms{(),Tl)^n'V{l). □ 




Lemma 2.29. Let s > 1, r G Z2 and rj £ k. Then there is a basis {^i^i, Vi,2, ■ ■ • , f i,s, 
^'2,1,^2,2, ■ • • i^'2,s} inMs{r,ri) such that 



a-vi^i = V2.i, 6 ■ wi^j = c ■ = (-l)''+^wi,.j, 1 < « < s, 

• wi,i = -?7W2a, d- vi^t = -V2^z-i - r]V2,i, 2<i<s, 
a ■ V2,i = d ■ V2,i = 0, 6 • V2^i = c ■ V2,t = {-iyv2,i, I <i < s. 



Proof. We prove the lemma by induction on s. For s = 1, it follows from Section 
1. Now let s > 2 and suppose that Mi{r, rj) has a desired basis for all 1 < z < s. 

Let M = Ms{r, rj). Then by [TDl Theorem 3.10(2)], M contains a unique submodule 
iV of (s - 1, s - l)-type. Moreover, ^ Ms_i(r, ry) and M/N ^ Mi(r, rj). By the 
induction hypothesis, there is a basis {wi,i, fi,2, • • ■ , fi,s-i, ^2,1, f2,2, ■ • • , W2,s-i} in 
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N such that 

a-vi^, = V2A, b ■ vi^i = c ■ vi^, = {-ly+^viA, 1 < i < s - 1, 

d ■ vi^i = -r]V2,i, d ■ vi.i = -V2,i-i - r]V2,i, 2 < z < s - 1, 

a ■ V2^i = d ■ V2,i =0, 6 • V2A = C ■ V2a = i-^Yv2,i, 1 < z < s - 1. 

Define a subspace L of iV by L = spanjwi i, W2,i|l < z < s — 2} for s > 2, and 
L = for s ~ 2. Then L is obviously a submodule of N, and i 5^ Afs_2(7', 
for s > 2 by the induction hypothesis. It foUows from [lOl Theorem 3.10(2)] that 
M/L = M2{r,r]). By the structure Mi(r, ?/), there is basis {xi,X2} in M/N such 
that 

a • Xl = 2:2, d ■ Xl = — 77x2, 6 ■ Xl = c ■ Xl = (— l)''+"'^xi, 

a • X2 = 0, d ■ X2 — 0, b ■ X2 = C • X2 — (— 1)'"X2. 

Let TT : M — > M/N be the canonical epimorphism. Since xi S (M/Af)(r+i) and 
X2 S {M/N)(j.), Xl = 7r(ui) and X2 = 7r(u2) for some ui S M(r+i) and U2 S 
Obviously, ui ^ N and U2 ^ Note that a-M(r) = d- M(^r) — 0, a- Af(r+i) C M(r) 
and d ■ Af(,.+i) C i\f(r)- From a • xi = X2, one gets 7r(a • ui) = 7r(u2). Hence 
a • Ml — U2 G iV n M(r), and so a • ui = M2 + x for some x £ N n Af(r) = 
By replacing U2 with U2 + x, we may assume that x = 0, i.e., a ■ ui — U2. From 
d ■ Xl = —r]X2, one gets 7r(d • ui) — 7r(— 7/U2). Hence d ■ ui + i]U2 END M(,.), and 
so d • ui = —r]U2 + y for some y N n M(^r) = N^^)- Since {w2,i|l <i<s — l}isa 
basis of N(^r), we have y = X]i=i '^i''^2,i for some ai, 02, • • • , as-i G /c. If ag-i — 
then y & L. In this case, {wi,s-i, ^2,8-1, tii, U2} is a basis of M/L, where v denotes 
the image of w € M under the canonical epimorphism M — > M/L. Moreover, 
both span{wi^s-i7 1^2, s-i} and spanjltr, 112} are submodules of M/L, and M/L = 
span{?;i_s_i, V2,s-i} © span{Mr, zi2}. This is impossible since M/L = M2{r,rj) is 
indecomposable. Hence as_i ^ 0. Now let ui.s = — a^j^j^(ui + X]i=i 
and i;2,s = -a7-i("2 + Z]i=i "i"2,i+i)- Flere we regard I]i=i "j'^i.i+i = and 
YliZi <^i'^2,i+i = for s = 2. Then vi^s G M(r+i)\A^ and U2,s G Af(r)\^- Hence 
{«i,i, wi,2, • ■ • , wi,s-i, wi,s, U2,i, W2,2, ■ • ■ , W2,s-i, W2,s} IS a basis of M. Moreover, we 
have 

a-vi^s = -aj\{a ■ ui +J2t=i ctia ■ vi,i+i) 
= -a^\{u2 + J2t=i aj'^2,j+i) 

= V2,s 

and 

d-vi^s = -a^li{d-ui + J2t=i'^id-vi.i+i) 

= -a7-l(^'/"2 + 0LiV2,i + "»(-«2,i - ??t^2,i+l)) 

= -a^ii (-771/2 + as-iW2,s-i - ctiVV2,i+i) 

= -~V2,s-l - ?7(-a7ii(u2 +J2iZl <^t'"2.i+l)) 
= -W2.S-I - 7?l'2,s- 



This shows that {wi,i, wi,2, • • • , wi,s_i, wi,s, 'i;2,i, i'2,2, • • ■ ,V2,s-i,V2,s} is a desired 
basis of Af. □ 
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Lemma 2.30. Let s > I and r £ Z2. Then there is a basis {vi.i, vi^2, • • • , vi.s,V2,i, 
V2,2, • ■ • ,V2.s} in Ms(r, 00) such that 

a-vi^i = 0, a • = W2,i-i, 2 < i < s, 

■ I'l,! = c • = d-vi,i=V2A, 1 < i < s, 

a ■ V2^i = d ■ V2^i =0, 6 • V2^i = C • V2,i = {-lYv2,i, I <i < s. 

Proof. It is similar to Lemma [2.291 □ 

Lemma2.31. Lety-j G V^{k) andr.r' e Z2. Then Mi{r,r])(g)Mi{r\r]) = A/i(0,77)© 
Mi(l,7y). 

Proo/. By Proposition l2.11 it is enough to show that Mi (0, vi)®Mi (0, rf) = Mi (0, 77)® 
Mi(l,77) for all 7/ e pi(A:). 

Assume rj ^ k. Let {ui,U2} be the standard basis of Afi(0,77) as stated in Section 
1 (or in Lemma [2.29p . Let ui = vi ® vi, U2 = wi Cg) W2 — ^2 "X* wi, wi = vi ® 
V2 and W2 = V2 ® V2 in Mi (0,77) ® Mi (0,7]). Then {wi, U2, wi, 7^2} is a basis of 
Ml (0,77) (g) Ml (0,7]). Putting [/ = span{ui,U2} and W = spanjTUi, 71)2}. Then by 
a straightforward verification, one can show that both U and W are submodules 
of Mi(0, ri) ® Mi(0, 77), and that f7 ^ Mi(l, r/) and W ^ Mi(0, 77). It follows that 
Ml (0, 7?) ® Ml (0,7/) (QW^ Mi(l,7?) ©Mi(0,?7). 

Similarly, one can show that Mi(0, 00) ® Mi(0, 00) = Mi(l, 00) © Mi(0, 00). □ 

Lemma 2.32. Let s > 1, 77 e P^(fc) andr eZ2. Then Ms{r,ri)® Ms{r,ri) contains 
a submodule isomorphic to Ms{\,ri). 



Proof. It follows from Lemma [2.311 that Afi(r, 77) ® Mi(r, 77) contains a submodule 
isomorphic to A/i(l,77). Now let s > 2. By Propositions 12.11 and 12. 4[ we have 
Ms{r,r])<S>Ms{r,Tj) = V{r)<»Ms{0,'n)^V{r)<»MsiO,r]) ^ Ms(0, 77)(g)Ms(0, 77). Hence 
we only need to show that Mg{0, 77) © Ms(0, 7;) contains a submodule isomorphic to 
M,(l,77). 

Let {7^1,1, 'yi,2, ■ • ■ ,vi,s,V2,i,V2,2, ■ ■ ■ ^V2.s} bc the basis of Afs(0, 00) as stated in 
Lemma [2.30l Then {vi,j © Vm,n|l < < 2, 1 < j, ti < s} is a basis of M5(0, 00) 
Afs(0, 00). For any 1 < z < s, let lii^^ = Y,]=i I'l j <8>wi,i+i-j and U2a = Yl]=ii'"id'^ 
V2,i+i~j ~ ^^2,j" ® i'i,j+i-j")- Then obviously, {7ii,i, 7i2,i|l < 7 < s} is a linearly 
independent subset of A/s(0, 00) (X) Ms(0, cx)), and b ■ ui^i — c ■ ui^i — ui^i and 
b ■ 7i2,i = c • 7/2, i = —U2,i for all 1 < 7 < s. Now we have a ■ ui_i — a ■ (f 1,1 (8) tii^i) — 
and for 2 < 7 < s 

i 

a ■ Mi,i = X] a ■ i^ij ® vi,i+i-j) 

= J2 ® « ■ vi.i+i-j + a ■ vij (g) b ■ vi^^+i^j) 

i — 1 i 
= VlJ © V2,i-j - J2 © Vl,i+l-j 

i-1 

= I] (Wlj ® 7;2,i-j - V2.J (E) 7^1,i-j) = 7^2. 
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Furthermore, for any 1 < i < s, we have 

i 

d-ui,i = d ■ {vi,j (^vi,i+i^j) 

i 

i 

J = l 
= ""2,1, 

i 

a-U2,i = X] " • (■^Ij ® "^2,1+1-^ - ^2^- (g) Wl,j+l_j) 

i 

= X) (a ■ ^^iJ ® b ■ '"2.i+i~j - V2J a ■ vi^^+i-j) 

l<j<i l<i<i 

= 0, 

and similarly d ■ U2,i = 0. Therefore, spanjui i, U2,i|l < z < s} is a submodule of 
Ms(0, oo) (g) Ms(0,oo). It follows from Lemma [2.301 that spanjwi.i, U2,i|l < i < s} 
is isomorphic to Ms{l, oo). 

Now let ry G fc and let {fi,i, wi,2, • • • , vi.s, i^2,i, ^2,2, ■ ■ • , i^2,s} be the basis of 1/^(0, rj) 
as stated in Lemma 12.291 Then {vij ® Vm.n\^ < i, m < 2, 1 < j, n < s} is a basis 
of Afs(0,ry) ® Ms(0,?7). For any 1 < i < s, let ui,i = X)j=i j' ® ^^i,i+i-j and 
U2,i = Xl}=i(^i,i '8>f2,i+i-j" —'V2,j(^vi^i+i-j). Then by a similar argument as above, 
one can show that span{Mi_i, M2,i|l < i < s} is a submodule of Ms(0, 77) (S) Ms{0, rf), 
and is isomorphic to Afs(l, 77) by Lemma [2. 291 □ 

Proposition 2.33. Let t > s > 1, r,r' e Z2 and rj G V^{k). Then 

M,{r, 77) (g Mt(r', 77) = s(i - l)P(r + r') © M,(0, 77) ® M,(l, 77). 

Proof. By Propositions 12.11 and 12.41 it is enough to show the proposition for r = 
r' — 0. We only consider the case that t is odd since the proof is similar for the 
other case. 

Assume that t is odd. Then by Lemma [2.281 there is an exact sequence 

-> Mt(0,7?) ^ 17V(0) ^ 0. 

Applying AIs{Q,ri)(E) to the above sequence, one gets the following exact sequence 

O^M,(0,?7)cg)Mt(0,?7) A Af,(0,7/)®f7V(0) ^ Af,(0,7/)®y(l) ^0. 

By [lUJ Theorem 3.10(2)], M((0,?7) contains a unique submodule M of (s, s)-type, 
and M = Ms{0, 7/). From Lemma one knows that Ms(0, r])®M Ms(0, 7/) ® 
Ms (0,77) contains a submodule isomorphic to Ms(l,?7). It follows that Ms (0,77) ® 
Mt{0,ri) contains a submodule TV such that N = Ms(l,7/). From Proposition 
[23n Ms(0,77) (g) n*V(0) contains submodules P and M' with P = stP{0) and 
M' = Ms(l,77) such that Ms{0,ri)(^n*V{0) = P®M'. Since a is a monomorphism, 
cr(iV) ^ N Ms(l,?7), and hence soc(cr(A^)) ^ sF(l). However, soc(P) stV{Q) 
since soc(P(0)) = F(0). It follows that the sum P+a{N) is direct, and so Ms(0, rf)® 
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ri*y(0) = P©Af' = P(Sa{N) by comparing their lengths. By Proposition [231 we 
have Ms{0,ri) (g) V{1) = Ms{l,ri). Hence we have the following exact sequence 

O^M,(0,?7)®Mt(0,?7) ^P®a{N) 4 Af,(l, 77) ^ 0. 

Since / is an epimorphism and f{a{N)) = 0, f\p : P — s> Ms(l, rj) is an epimorphism. 
It follows that MsiO,T])(g)Mt{0,r)) = Ker(/) = Ker(/|p) © cr(iV) = s{t-l)P{0) © 
^IM,(l,?7)©M,(l,r7) 5^ s(t-l)F(0)©Af,(0,?7)©M,(l,77). □ 



3. The Green ring of D4 



In this section, we will consider the Green ring r(Z?4) of D4. At first, r(£>4) is a 
commutative ring. Moreover, the duality (— )* of mod-D4 induces a ring involution 
of r(I?4) determined by [M]* = [M*] for any M G modI?4, as stated in Section 1. 
That is, r{Di) r{Di), x M- x* is a ring automorphism of r{Di) and a;** = x for 
all X e r{D4). 

Let g = [1^(1)], a; = [F(2,0)], y = [W(0)] and z = [17-^(0)] in r{Di). Then we 
have the following lemma. 

Lemma 3.1. The following relations are satisfied in r{Dn): 

(1) 9' = 1; 

(2) = anrf x^ = 2x + 2gx; 

(3) x?/ = xz = X + 2ga; = x{l + 2g); 

(4) yz = 1 + 2a;2. 



Proof. Part (1) follows from Proposition 12 .11 since [1^(0)] = 1 in r{D4). By Propo- 
sition EH gx = [V(2, 1)]. Part (2) follows from Proposition [231 and Corollary [2H 
Part (3) follows from Corollarv l2.7f IV Part (4) follows from Part (2) and Corollary 
[2T9r i). □ 

Lemma 3.2. For all n > 1, define a„ G Z fey a„ = i i"^^^^ + ^)(.^ ~ *) /'''^ 

n > 1 and oi = 0. Then 3a„ — = a„+i — n for all n > 1. 



Proof For n = 1, 02 - 1 = 1 - 1 = = 3ai - ^^V^. Now let n > 1. Then 
3a„-^i^ - ^Er=i'(3' + 3)(n-z)-^^ 

□ 



For all n > 1, define /„ £ r{Di) by /„ = a„(l + — "("^ ^^ g", where a„ are given 
as in Lemma 13.21 

Lemma 3.3. [l]"l/(0)] = y" - /„a;2 j„ r{Di) for all n>l. 
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Proof. Wc prove the lemma by induction on n. For n — 1, since /i ~ 0, we have 
[f2F(0)] = y = y — fix^. Now assume n > 1. Then by the induction hypothesis, 
Lemmas 13.11 and 13.21 we have 

[n'^v{o)(g)nv{o)] ^ [n''v{o)][nv{o)] 





- /na;^)y 










- 








= 2/"+i 


- (a„(l4 


\ n(n—l 

-9) 2 








- (a„(3 4- 


o \ n(n — 




h25"+i))a:2 


= 2/"+i 


- ((3a„ - 






n(„-l)^„+1^^2 


= 


- ((an+i 




2 





On the other hand, by Proposition 12.11 and Lemma |3.1[ we have gx^ — [P{0)]. 
Thus, from Lemma [lITSl one gets that [n''V{0) ® nV{0)] = [r2"+V(0)] + ng^x^. 
Hence we have 

[n'^+^Vm = 2/"+i - ((a„+i - n)(l +g)- ^ii^g^^+^)x^ - ng^x^ 

= 2/"+i - (a„+i(l + 5) - + 5"+!) - + ng^)x' 

= - (a„+i(l + <?) - 

□ 

Corollary 3.4. [rj-"F(0)] = z" - /„a:2 in r{Di) for alln>l. 

Proof. By Proposition 12.11 and Lemma 12.151 '^^ have g* — g and x* = gx, and so 
/* = /„. By LemmaEIH one gets that y* ^ z and [r2"y(0)]* = [f7-"y(0)] for all 
71 > 1. It follows from Lemma [33] that [f7-"y(0)] = [n"V{0)]* = (y" - fnX^)* = 

Let i? be the subring of r{D4) generated by g, x, y and z. Then we have the 
following proposition. 

Proposition 3.5. The subring R of r(D4) is generated, as a Z-module, by the 
following set: 

{[V{r)], [V{2, r)], [P(r)], [n-V{r)], [n--V{r)]\r G Z2, n > 1}. 
Consequently, R is a free abelian group with the above set as a Tj-basis. 

Proof. Let R' be the Z-submodule of r{D4) generated by the set given in the propo- 
sition. Then R' is obviously a free Z-module with the set given above as a Z-basis. 
From the discussion in the last section, one can see that R' is closed with respect 
to the multiphcation of r{D4). Note that 1 = [^^(0)] G R' . It follows that R' is a 
subring of r{D4). Hence i? C i?' by g, x,y, z ^ R' . 

Conversely, we first have that [V^(l)], \V{2, 0)] G R. Since i? is a subring of r{D4), 
[y(0)] = 1 G i? and [V{2,1)] = [V{1) (8)1/(2,0)] = gx € R. By Lemma O 
[P(l)] = x^ e R, and hence [P(0)] = [^(1) P(l)] = gx^ G R. From Lemma [Sj 
and Corollary |331 one gets that [17"y(0)] G R and [^^-"^(O)] G R for all n > 1. 
Then by CoroUaryESl we have [rj"y(l)] = [V (1) (g) n^^V (0)] = g[n"ViO)] G R, and 
similarly [17-"y(l)] = gp-'^ViO)] G R for all n > 1. Therefore, R' C R. □ 
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Corollary 3.6. The following set is a "L-hasis of R: 

{1, g, X, gx, a;^ gx^, y", gy", z", gz"\n > 1}. 

Proof. Let i?i be the subring of rlD^) generated by g and x. From Lemma |3. II and 
the proof of Proposition 13.51 it follows that i?i is a free Z-module with a Z-basis 
{l,g,x,gx,x'^,gx^}. By Lemma l3.3l Corollarv l3.4l and the proof of Proposition [3?5| 
we have that = g[r2"F(0)] = gy'^-gfnX^ and = .g[fl-"y(0)] = 

gz"^ — gfnX^ for all n > 1. Note that fnX^,gfnX^ S for all n>l. Consider the 
canonical Z-module epimorphism tt : R R/ Ri. Then from Lemma [3?3l Corollary 
13.41 and the discussion above, we have 7r([r2"F(r)]) = Tr{g^y") and TT{[n~"V{r)]) — 
Tr{g^z") for all n > 1 and r £ Z2. Thus, the corollary follows from Proposition 
1331 □ 

Let Z[gi,xi,yi, zi] be the polynomial algebra over Z in four variables gi,xi,yi, zi. 
Let / be the ideal of Z[f/i, xi,yi, zi] generated by the following elements: 

gl - 1, xl- 2xi(l + gi), xi{yi - 1 - 2gi), xi{yi - zi), yizi - 1 - 2x1. 

Theorem 3.7. The subring R of the Green ring r^D^) is isomorphic to the quotient 
ring 'Z[gi,Xi,yi, Zi]/ 1 . 

Proof. Since i? is a commutative ring, there is a unique ring homomorphism cj) : 
Z[f/i, Xl, yi, zi] — i> R such that (f>{gi) — 5, (pixi) — x, (f>{yi) = y and (l){zi) — z. Since 
R is generated by {g, x, y, z} as a ring, ip is an epimorphism. From Lemma l3. 11 one 
can easily check that (f>{gf — l) = 0, (j){xi—2xi{l+gi)) — 0, (j){xi{yi — l — 2gi)) — 0, 
'P{xi{yi — zi)) = and (j){yizi — 1 — 2x1) = 0- It follows that (p{I) = 0. Hence 
(f) induces a ring epimorphism : Z[gi, xi,yi, zi]/ 1 — R such that </'(m) = </'(m) 
for all u G Z[(7i, Xl, j/i, zi], where u denotes the image of u under the canonical 
epimorphism 'Z,[gi,xi,yi, zi] — > Z[gi, xi,yi, zi]/ L By Corollarv l3.61 one can define 
a Z-module map ip : R ^ Z[gi,xi,yi, zi]/I by 



V'(l) = 1, "0(9) =51, ?A(a:)=a;i, ipigx) ^ gixi, ip{x'^) 

ip{gx^) ^ gixl, 'iP{y")^Tjf, ^-(32/") = i'igz") = giz^, 

where n > 1. From the definition of /, one can see that Z[gi, xi, yi, zi]/I is gener- 
ated, as a Z-module, by the following set 



{1, 51, Xl, gixi, xl, gixl, y^l, giy"^, z]^, 5iz"|n > 1}. 

Let u be any element in the above set. Then it is straightforward to check that 
ip(t>(u) = u. Hence ipcj) — id, which implies that is a monomorphism, and so it is 
a ring isomorphism. □ 

Now let Xn,j^ = [M„(0, 77)] in r{Di) for all n > 1 and 77 e P^(fc). Then we have the 
following lemma. 

Lemma 3.8. Let n.s > 1 and r],a ^ P^(fc). Then we have the following relations 
in r{D4): 

(1) = [Af„(l,77)]. 

(2) xXn^n = n{l + g)x. 

(3) yXn,,^ = ngx'^ + gXn,rf. 
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(4) zXn^rj = nx'^ + gXn.ji- 

(5) If rj ^ a then Xn.nXs.a ~ nsgx^. 

(6) If s > n then Xn^-q^s.-q ~ n{s — l).ga;" + Xn^-q + gX, 



Proof. We have already known that [V{2, 1)] = gx, = x'^ and [P(0)] — gx^. 

Then Part (1) follows from Proposition [231 Part (2) follows from Corollarv l2.7r 3). 
Part (3) follows from Part (1) and Proposition 12. 21f l). Part (4) follows from Part 
(1) and Corollary Part (5) follows from Proposition !^:^ Part (6) follows 
from Proposition [2331 and Part (1). □ 



Let Zi[X] be the polynomial algebra over Z in the following variables: 

X - {gi,xi,yi,Zi,Xi^\n >l,7j£ P\k)}. 
Let J be the ideal of Z[X] generated by the following subset 

gf-l, xl~2xi{l + gi), xi{yi - I - 2gi), 
xiiui - zi), yizi - 1 - 2x1, 

^i^n.r, - nxl - giX^ ^, X'^ .^X'^^^ - nsgixj, 



K,r,Xi^ - n{t - l)gixi - X'^^^ - .giX;_^ 



n,s,t > 1 
with t > n, 

with rj ^ a 



Theorem 3.9. The Green ring r^D^) of is isomorphic to the quotient ring 
Z[X]/J. 

Proof. Since r{D4) is a commutative ring, there is a unique ring homomorphism 
f : Z[X] r{D4) such that 

/(5i) = 9, .fi^i) = X, f{yi) = y, f{zi) = z, f{X[^^^) = Xn,n 

for all n > 1 and t] G P(fc). By Lemma [STSTl). [Af„(l,77)] = gXn,rj for n > 1 and 
T] e P(fc). It follows from Proposition 13.51 that r{D4) is generated, as a ring, by 
{g, x,y, z, Xn.7j\n > 1,?7 G V^(k)}, which implies that / is an epimorphism. By 
Lemmas 13.11 and 13. 8[ it is straightforward to check that f{u) = for all u G G. 
Hence /(J) = 0, and so / induces a unique ring epimorphism / : Z[X]/J — > 
r{D4) such that f{u) = f{u) for all u G Z[X], where u denotes the image of u 
under the canonical epimorphism Z[X]/J. Note that Z[gi,xi,yi, zi] is a 

subring of Z[X] since {gi, xi, yi, zi} C X. Obviously, /(Z[gi,xi,2/i,zi]) = R and 
J C J n Z[gi,xi,yi, zi], where R and / are given as before. Therefore, there is a 
ring homomorphism r : Z[gi,xi,yi,zi]/I — >■ Z[X]/J given by t{u + I) =u for all 
u € Z[(7i, xi, 2/1, zi]. Consider the composition of ring homomorphisms 

: Z[5i, xi, yi, zi]// A Z[X]/J A riD4). 

Then lm(0) — R. Hence 9 can be regarded as a ring homomorphism 

: Z[gi,xi, j/i,zi]// R. 

One can easily see that is exactly the ring isomorphism cf) : Z[(/i, xi, t/i, zi]/I — > R 
described in the proof of Theorem 13.71 Hence is injective, and so is r, which 
implies that / = J n Z[(7i, xi, yi, zi]. Moreover, /|iin(r) • Iiii(t) i? is a ring 
isomorphism. Let (/|im(r))^^ ■ R ^ Im(r) be the inverse. 
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Let Rq be the Z-submodule of r{D4) generated by {Xn.Tj, gXn,ri\n >l,ri£ P^(fc)}. 
Then Rq is a free Z-module with the basis {Xn^rj, gXn.jiln > 1, 77 e P^(A;)}. It follows 
from Proposition 13.51 that r{D4) = R ® Rq as Z-modules. Hence one can define 
a Z-module homomorphisni ip : r{D4) 'Z[X]/J by ip{v) = {f\ini(T))~^{v) for all 
V e R, ^p{Xn^,^) = and tp{gXn,n) = giX'^.r, for all n > 1 and 77 £ V^{k). By 
the definition of r, one can see that Im(T) is generated, as a subring of Z[X]/J, by 
{gT, aJ]", yT, W}- Then from the definition of J, one gets that Z[X]/J is generated, as 
a Z-module, by Im(T) U > £ P^fc)}^ Obviously, (7/'7)|i„i(,) = 

idi^(^). For aU n > 1 and 77 G P^A:), we have that = V(/(^^.r,)) = 

V(X„,,) = ^ and (7^7)(^IXi;) = 7/;(/(<?iX;_^)) = = sl^- K 

follows that -0/ is the identity map on Z[X]/J. Hence / is a monomorphism, and 
so it is a ring isomorphism. □ 

Remark 3.10. From Lemma \3.8\ and Theorem \3.9l one knows that r{D4) is not 
finitely generated as a ring. 
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